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Abstract—This paper reviews recent progress on a new, simple, and powerful technique for ultrahigh-speed optical frequencydomain reflectometry (OFDR), namely, time-stretching (TS)OFDR. This method is essentially based on the use of lineardispersion-induced frequency-to-time mapping of the target
broadband spectral interferogram so that this information can
be captured in real time using a single photodetection stage and a
fast analog-to-digital converter. The principle of operation, design
tradeoffs, performance advantages, and limitations of TS-OFDR
are discussed. Recent results on the application of TS-OFDR for
fiber-optics device characterization and biomedical imaging are
also presented.
Index Terms—Fourier transforms, frequency-domain analysis,
optical interferometry, optical tomography, optical-fiber measurements, ultrafast optics.

I. INTRODUCTION
PTICAL reflectometry [1]–[11] is an interferometric diagnosis method for a wide range of applications in, e.g.,
material, component and device characterization [1]–[3], [5],
[7], [9], [12], [13], laser ranging and metrology [14], and
biomedical tissue imaging [so-called optical coherence tomography (OCT)] [4], [10], [15]. OCT techniques can be divided
into two main broad categories, namely, optical low-coherence
reflectometry (OLCR) [1]–[4] and optical frequency-domain reflectometry (OFDR) [5]–[11]. As expected for an interferometry
method, OLCR and OFDR offer increased spatial resolutions
and sensitivities as compared with noninterferometry reflec-
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trometric techniques, e.g., optical time-domain reflectometry
(OTDR) [16].
OFDR is based on the measurement of the target interference
pattern in the frequency (wavelength) domain, in contrast to
OLCR, where the interferometric signal is measured directly in
the time domain, or equivalently, in the delay length domain. In
OFDR, the measured spectral-domain information is typically
converted into the desired length-domain information using discrete Fourier transformations (DFTs) with digital-signal processors. On the basis of their different operation principles, these
two methods exhibit different performance tradeoffs in terms of
axial depth range, spatial resolution, measurement speed, and
sensitivity [17]–[19]. The performance limitations of OLCR are
associated with the fact that a movable reference path needs
to be implemented over an axial tuning range as long as the
desired measurement depth range. Although one can translate
the reference distance over a relatively long range (>1 m) [20],
this inherently limits the measurement speed. OFDR enables
overcoming these limitations since it only requires the measurement of an interference pattern in the spectral domain with
a fixed reference path. In addition, it has been shown that an
OFDR platform can provide an increased sensitivity in comparison with an OLCR system offering a similar spatial resolution
and depth range [17]–[19]. Hence, OFDR has proved particularly advantageous for applications that require a combination of
high speed, sensitivity, and resolution over short-to-intermediate
depth ranges. Applications with these stringent requirements include characterization of fiber-optics and integrated-waveguide
components and devices [12], and biomedical imaging [15].
In OFDR, the achievable spatial resolution depends inversely
on the source spectral bandwidth (BW) (an improved spatial
resolution requires the use of a larger spectral BW), whereas
the measurement depth range is mainly determined by the spectral resolution in the interference-pattern measurement (a longer
depth range requires a narrower spectral resolution). An OFDR
system can be configured to achieve a variety of specifications,
from submillimeter resolutions over depth ranges on the order
of a few tens to hundreds of meters (e.g., for fiber-optics component characterization [12], [13]) to resolutions in the micron
or even submicron regime over centimeter depth ranges (e.g.,
for biomedical OCT [15]). OFDR also offers a very high sensitivity, defined as the back-reflection level that produces a signal
power equal to noise power, with experimentally demonstrated
values well above –100 dB. A distinctive feature of OFDR
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is that this outstanding performance can be achieved at very
high measurement speeds. The diagnosis rate in interferometric
measurements plays a fundamental role in many of the OFDR
applications mentioned above. In the context of OCT biomedical imaging, fast acquisition rates are highly desired for in vivo
screening of large tissues volumes, e.g., to enhance the quality
of the reconstructed 2-D and 3-D images by reducing motion
artifacts [21], [22]. Similarly, the ultrarapid characterization of
components and devices is necessary for real-time monitoring
of the characteristics of the target modules during fabrication or
as they are operated within a given system [23].
The acquisition speed in an OFDR scheme is typically evaluated as the axial-line (A-line) scan rate, i.e., the inverse of the
time period needed to capture the interferogram corresponding to a full single axial line. This rate is limited by the speed
with which the interferometric signal spectrum can be recorded.
One straightforward solution is to detect the individual spectral
components of the interferogram separately by use of a spectrometer and a charge-coupled device (CCD) photodetection
array [10], [17], [18]. The readout speed of current CCD arrays is too slow for applications requiring A-line scan rates in
the kilohertz range and beyond. Spectrometer-based OFDR systems offering acquisition rates above 100 kHz have been recently
reported by use of advanced ultrahigh speed CMOS photodetection arrays [24]. It has been shown that increased imaging speeds
can be achieved by use of high-speed, wavelength-swept lasers
combined with OFDR [19], [21], [22]. In this case, a single
photodetection element, typically a balanced photoreceiver and
a fast analog-to-digital converter (ADC), need to be employed
to capture the spectral-domain interferogram information. The
A-line scan rate is ultimately limited by performance of the
wavelength-swept laser. Conventional CW wavelength-swept
lasers usually consist of a broadband gain medium with a tunable optical bandpass filter in the cavity [25]. The wavelengthsweeping rate in these lasers is essentially limited by the intrinsic
time constant for building up laser activity from spontaneous
emission inside the cavity [25]. Essentially, the narrower the
desired laser linewidth, the slower this scanning rate will be.
To give a reference, a laser linewidth <1 MHz should be used
for fiber-optics component characterization over an axial depth
range approaching 100 m; current laser systems with such a
narrow linewidth exhibit a relatively slow wavelength sweeping rate between 20–80 nm/s [12], [13]. State-of-the-art CW
wavelength-swept lasers can be tuned over a BW >100 nm at
a rate up to a few tens of kHz but at the expense of a relatively broad laser spectral linewidth (typically >10 GHz), corresponding to depth ranges of only a few millimeters [25]. This
performance is perfectly well suited for OCT imaging applications [21], [22], in which the depth range is usually limited
to a few millimeters by scattering losses in the analyzed tissue. In any case, higher imaging acquisition speeds, with Aline rates in the megahertz range, are still desired for a multitude of applications. In the context of OCT imaging, an innovative scheme for wavelength-swept lasers has been recently
demonstrated, so-called buffered Fourier-domain mode-locking
(FDML) method [26], [27]. This technique provides increased
scanning rates on the order of hundreds of kilohertz or even
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multimegahertz [28] over ultrabroad spectral BWs (>100 nm)
with linewidths suitable for depth ranges >1 cm. FDML lasers
are similar to conventional wavelength-swept lasers, except for
the fact that the optical bandpass filter in the cavity is periodically tuned at the cavity round-trip time, or a harmonic of
this period. Thus, FDML lasers are significantly more complex than conventional wavelength-swept lasers in terms of both
implementation and operation. Regardless of the specific laser
configuration, for high-sensitivity reflectometry applications,
wavelength-swept lasers should exhibit a set of very stringent
specifications, particularly in terms of high output power and
low relative intensity noise (RIN) [12], [25]. Moreover, additional calibration and control mechanisms (typically, an additional interferometer [12], [29]) are usually necessary to accurately track the laser wavelength variation along the time.
The purpose of this paper is to review recent progress on a
new technique for ultrahigh-speed OFDR [30]–[34], potentially
capable of overcoming some of the above-discussed limitations
of present OFDR methods. This novel technique, which will be
here referred to as time-stretching OFDR (TS-OFDR), is based
on the use of “temporal stretching” for mapping the spectral
information into the time domain so that this information can
be captured in real time using a single photodetection stage and
a fast ADC [30]–[34]. Here, “real time” refers to the fact that
the axial acquisition speed is as fast as the repetition rate of the
input pulse source. This frequency-to-time mapping (FTM) is
achieved in a completely passive fashion, i.e., by use of a large
amount of linear chromatic dispersion (group-velocity dispersion, GVD) over a coherent ultrabroadband light interferogram.
Frequency-to-time conversion of coherent light waves (optical
pulses) using GVD [35] is usually referred to as “real-time optical Fourier transformation” (RT-OFT), and it can be interpreted
as the time-domain equivalent of the process of far-field or
Fraunhofer spatial-domain diffraction [36]. Briefly, a coherent
broadband energy spectrum can be mapped along the time domain following linear propagation through a highly dispersive
medium with predominant GVD (i.e., first-order dispersion).
This simple but powerful concept has been extensively employed in the recent past for many applications, including realtime optical spectrum measurements [35], [36], temporal magnification of broadband waveforms for effectively increasing
detection BW [37], high-frequency arbitrary microwave waveform generation [38], [39], real-time spectroscopy [40], 2-D
imaging of rapidly changing physical processes [41], complexfield characterization of low-intensity ultrafast optical waveforms [42]–[45] with real-time and single-shot capabilities [46],
and programmable optical pulse shapers with ultrahigh update rates [47]–[49]. Our review here addresses the use of
RT-OFT for reflectometry applications (TS-OFDR) [30]–[34],
[50]–[55] with a focus on recent results from our group at
INRS-EMT.
In practice, TS-OFDR is implemented using an ultrabroadband optical pulse laser (i.e., mode-locked laser) as the seeding
lightwave source. Concerning the required dispersive element,
this can be implemented in a variety of practical ways, e.g., using
fiber-optics technologies. To be more concrete, TS-OFDR has
been demonstrated using (i) a long section of dispersive optical
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fiber [30], [33], [34] or (ii) a more compact linearly chirped
fiber Bragg grating (LCFG) operated in reflection [31], [32].
TS-OFDR offers several key advantages over wavelength-swept
OFDR methods. First, as mentioned above, the interferogram
associated with the object depth profile is obtained along the
duration of a single temporally stretched optical pulse; as a
result, the axial line (A-line) acquisition rate can be as high
as the pulse repetition rate from the seeded optical source (up
to a few tens of megahertz). Second, only a completely passive and linear pulse-stretching process (linear dispersion) is
required as the wavelength sweep mechanism; this avoids the
need for complex, active mechanisms for precise synchronous
laser-wavelength tuning and calibration. Third, the peak power
of the pulse incident upon the sample is effectively reduced
by the input dispersion, which is also a potentially attractive
feature to prevent damage in the tissues or components under test. Finally, the TS-OFDR setup is easy to be adapted for
conventional OTDR for typical applications (e.g., range finder)
because of the fact that these reflectometric setups consist of an
ultrafast pulse source and high-speed data acquisition electronics. In turn, one can accommodate two independent reflectometry methods (i.e., TS-OFDR and OTDR) in a single fiber-optic
platform.
TS-OFDR has already proved useful for a wide range of applications, particularly for fiber-optics and electrooptics (EO)
component and device characterization. Some of these applications will be discussed in the following sections of our paper [50]–[53]. It has been also demonstrated that a TS-OFDR
system can be configured to achieve the performance that is
required for micrometer-resolution imaging applications over
depth ranges in the centimeter regime [31]. However, due to
the intrinsic dispersion-loss tradeoff of any dispersive element,
TS-OFDR typically suffers from a relatively poor sensitivity.
It has indeed proved difficult to reach the sensitivity level that
is necessary for biomedical-imaging applications [30]–[33], at
least better than −80 dB. We will discuss here how TS-OFDR
can be optimized to potentially offer all the performance specifications, including sensitivity, that are required for biomedicalimaging applications [54], [55]. OCT images of a biological
sample (onion) using a TS-OFDR system based on an LCFG
are reported below.
The remainder of this review paper is structured as follows.
The operation principle of the proposed reflectrometry scheme
(TS-OFDR) is described in Section II. In this section, we derive
the expressions governing the performance specifications (axial
resolution, depth range, and sensitivity) of a TS-OFDR scheme
and discuss the practical tradeoffs and performance limitations
and capabilities of the method. Many of the reviewed applications of TS-OFDR make use of an LCFG as the dispersive
medium [31], [32]. The performance advantages and limitations of this solution as compared with the use of standard [30]
or Raman-amplified [33] optical fiber sections are also briefly
outlined in Section II. Results on applications of TS-OFDR for
optical device characterization are reviewed in Section III, in
particular real-time monitoring of group-delay characteristics
of meter-long fiber-optics components [50], modal-delay measurements in high-order mode optical fibers [51], and real-time

complex-field temporal response characterization of high-speed
(GHz BW) optical modulators [52], [53]. In Section IV, we report our most recent results on 2-D OCT imaging of a biological sample (onion) using a TS-OFDR system offering an axial
resolution of ∼40 μm and an improved sensitivity approaching
−82 dB over a whole depth range (in air) of ∼4.5 mm [54], [55].
Finally, we summarize and conclude our work in Section V.
Future improvements and prospects of TS-OFDR are also discussed in this final section.
II. OPERATION PRINCIPLE OF TS-OFDR
A schematic of the necessary processing steps for implementing TS-OFDR [30], [31] is shown in Fig. 1. It consists of the
following main subprocessing stages: coherent pulse generation; spectral broadening; dispersion-induced FTM; a conventional two-arm interferometer, and high-speed photodetection
and sampling. TS-OFDR is based on the use of GVD-induced
“temporal stretching” for mapping the spectral interference information along the time coordinate so that this information
can be captured in real time using a single photodetection stage
(either a single-ended photodetector or a balanced photodetector) and a fast electronic sampling circuit (ADC) [30]–[34]. The
required time-mapped spectral interference pattern is obtained
using a conventional two-arm interferometer (the fourth stage
in Fig. 1). As detailed in the following theoretical analysis,
the resulting temporal interference pattern is not an exact timedomain replica of the corresponding spectral interference: The
spectral components of the chirped pulse from one of the interferometer arms are not coincidently overlapped with the same
spectral components of the interfering chirped pulse from the
other arm (as it happens in the corresponding frequency-domain
interference pattern), but with a frequency offset proportional
to the optical path-length difference between the interferometer
arms. Assuming that this optical path-length difference is made
sufficiently large, this feature allows one to extract the desired
differential phase information from the measured time-domain
interference pattern using a simple DFT-based signal-processing
algorithm [7]. In this way, the sample’s axial profile can be accurately recovered from the measured time-domain interferogram.
It should be noted that an ultrabroadband energy spectrum is
highly desirable for high-resolution OFDR and wideband characterization of photonic devices. In previous demonstrations of
TS-OFDR [31], a spectral broadening method using self-phase
modulation (SPM) in highly nonlinear fibers and a direct numerical compensation of the induced undesirable spectral phase
distortions have been used. This spectral broadening is implemented after the coherent optical pulse generation (typically a
mode-locked laser), as shown in Fig. 1.
A. Theoretical Analysis of TS-OFDR
Fig. 2 shows a schematic of the TS-OFDR technique, presenting the evolution of the involved time waveforms and
corresponding spectra along the basic processing steps defined in Fig. 1. We assume that the second-order groupdelay term (i.e., the GVD term) in the dispersive medium is
dominant and sufficiently high. In our experiments described
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Fig. 1.
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Schematic of processing steps for implementing TS-OFDR.

as follows:
Â2 (ω) = Ĥ (ω) · Â0 = Ĥ  (ω) · exp (jδΦ) · Â0 (ω)
≡ Ĥ  (ω) · Â1 (ω)

Fig. 2. Schematic diagram of optical and numerical processes in the proposed
TS-OFDR technique, with the nomenclature defined in the text. In this illustration, the dispersive medium is assumed to be implemented using an LCFG
operated in reflection.

below, a dispersion–compensation module made with a spool
of dispersion–compensation fiber or an LCFG has been used as
the FTM dispersive medium.
We define the input coherent pulse centered at the angular optical frequency ω 0 as an electromagnetic wave described by a temporal analytic function, a0 , with a complex slowly varying envelope â0 , as shown in Fig. 2(a), i.e.,
a0 (t) = â0 (t) · exp (jω0 t). The spectral transfer function of the
dispersive medium can be mathematically described using the
Taylor series expansion around ω0
Ĥ(ω) = H0 exp{−jΦ(ω)} = H0 exp(−jΦ0 − j Φ̇ω
−j 12 Φ̈ω 2 ) exp(jδΦ)



≡ Ĥ (ω) exp(jδΦ)

(1)

where Φ0 = Φ(ω0 ) is a phase constant, Φ̇ = [∂Φ (ω)/∂ω]ω =ω 0

is the group delay, Φ̈ = [∂ 2 Φ (ω) ∂ω 2 ]ω =ω 0 is the first-order
dispersion coefficient (GVD), and δΦ is the phase deviation (including higher order dispersion terms of the dispersive medium).
The spectral phase of a predominantly first-order dispersive
medium (e.g., LCFG) is shown in Fig. 2(b). The phase deviation
δΦ is expected to be much smaller than the phase component of
the main transfer function Ĥ  (ω) along the entire spectral BW of
interest. Note that in the above notation ω = ωopt − ω0 , where
ωopt is the optical frequency variable and ω is the baseband
frequency variable. It is well known that the impulse response
corresponding to the transfer function Ĥ  (ω) can be written
as [36]


1 2
ĥ (tR ) = htim e exp j
(2)
tR
2Φ̈

where tR = t − Φ̇ and htim e = H0 exp (−jΦ0 )/ j2π Φ̈. In
this time-invariant linear system, the spectrum of the reflected
wave, Â2 (ω), and that of the input wave Â0 (ω) can be related

(3)

where the phase deviation of the dispersive medium from
its ideal characteristics is included in the “intermediate” pulse spectrum Â1 (ω) = Â0 (ω) · exp (jδΦ) = |Â0 (ω)| ·
exp [j (φ + δΦ)], φ(ω) being the spectral phase profile of the
input optical pulse â0 . The corresponding time-domain expression of (3) is as follows: â2 (tR ) = â1 (tR ) ∗ ĥ(tR ), where â1
and â2 are the inverse Fourier transforms of Â1 and Â2 , respectively. We now calculate the convolution integration in order
to look into the time-domain evolution of the input pulse as it
propagates through the dispersive medium. In fact, if the total
time duration Δt1 of the pulse waveform â1 (tR ) is sufficiently
short such that the following condition is satisfied [36]:
 2
 Δt1 


(4)
 8π Φ̈   1
then the convolution integral can be approximated by the following expression [31], [36]:


1 2
â2 (tR ) ≈ htim e exp j
tR { [â1 (tR )]}ω  =t R / Φ̈
2Φ̈


1 2
= htim e exp j
(5)
tR Â1 (ω  )
2Φ̈
where  denotes the Fourier transform and ω  = tR /Φ̈ is the
transformed frequency variable, which is scaled by the firstorder dispersion term. Note that, in practice, the phase-deviation
factor δΦ is typically small and one can safely assume that
Δt1 ≈ Δt, where Δt is the total time duration (full time width)
of the input pulse waveform â0 (t). Equation (5) indicates that
under the conditions of (4), the amplitude spectrum of the input
optical pulse is efficiently mapped along the time domain following propagation through the highly dispersive element. The
inequality in (4) is usually referred to as the temporal Fraunhofer condition [36]. A detailed derivation of (4) and (5) can be
found in Appendix I.
Similarly, the reflection of the stretched optical pulse â2 (t)
from a sample is assumed to be approximated by the convolution
of this pulse with the characteristic temporal impulse response,
fˆ(tR ), of the sample in the moving time frame, tR . Note that the
function fˆ(tR ) is proportional to the target sample (amplitude
and phase) depth profile with a finite frequency BW restricted
by the BW of the input light source. In the frequency domain,
the waveform reflected from the sample can be expressed as
follows:
Âs (ω) = F̂ (ω) · Â2 (ω) = Ĥ  (ω) · [F̂ (ω) · Â1 (ω)]

(6)
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where F̂ is the spectral transfer function corresponding to the
sample time impulse response, i.e., F̂ (ω) = {fˆ(tR )}. The
temporal representation of (6) can be similarly approximated
as in [31] and [36] by


1 2  
â2 (tR ) ≈ htim e exp j
 â1 (tR ) ∗ fˆ(tR )
tR
ω  =t R / Φ̈
2Φ̈


1 2
= htim e exp j
(7)
tR Â1 (ω  )F̂ (ω  ).
2Φ̈
Following a similar derivation to that used for (4) and (5) (see
Appendix I), one can easily show that the approximation in
(7) is strictly valid when the temporal Fraunhofer condition
|Δt23 /8π Φ̈|  1 is satisfied, where Δt3 is the full time width
of the pulse waveform â3 (tR ) ≈ â1 (tR ) ∗ fˆ(tR ). In most cases,
the time width Δt3 is approximately given by the duration of
the sample’s temporal impulse response fˆ(tR ) and this latter
condition is indeed more restrictive than the inequality in (4).
This constraint may affect the maximum depth range that can be
achieved for a given GVD value; however, in practice, the depth
range is usually limited by the photodetection BW. Detailed discussions on this issue can be found below in Section II-C. Also
note that whereas the GVD must be sufficiently large to satisfy the above-stated temporal Fraunhofer conditions, overlapping between the successive temporally stretched waveforms,
repeating at the nominal repetition rate of the mode-locked
laser, should be avoided. This imposes a limitation on either the
maximum GVD or the maximum repetition rate of the pulsed
laser. These additional constraints are also discussed below in
Section II-C.
Equation (7) implies that the sample transfer function is
replicated along the duration of the stretched pulse when this
pulse is backscattered and/or reflected from the sample. In other
words, the sample spectral transfer function (in amplitude or
intensity) can be directly captured in the temporal domain by
simply measuring the time intensity envelope of the waveform
reflected from the sample. Employing coherent interference of
the sample-reflected pulse with a reference pulse (properly delayed input stretched waveform), â2 (tR − 2δt), where 2δt is the
relative time delay in a Michelson interferometer (see Fig. 2),
one can also recover the desired information on the phase profile
of the sample spectral transfer function. In particular, using the
expressions for the input stretched waveform â2 (tR ) in (5) and
the sample-reflected waveform âs (tR ) in (7), the corresponding
temporal intensity pattern at the interferometer output can be
expressed as follows:
|âd (tR )|2 ∝ |âs (tR ) + â2 (tR − 2δt)|2 ≈ |htim e |2
∗
· (IDC + IAC + IAC
)

IDC ≡ |Â1 (ω  )F̂ (ω  )|2 + |Â1 (ω  − Ω)|2
IAC ≡ |Â0 (ω  )| · |Â0 (ω  − Ω)| · F̂ ∗ (ω  )
· exp[−j(2ω  δt + Δφ(ω  ))]
Δφ(ω  ) ≡ φ(ω  ) − φ(ω  − Ω) + δΦ(ω  ) − δΦ(ω  − Ω)
(8)

where Ω ≡ 2δt/Φ̈ is the frequency shearing induced by the
time delay, 2δt, in the frequency-to-time converted coordinate
and where we recall that φ represents the spectral phase profile
of the input optical pulse. The first term, ID C , on the right-hand
side of the above equation is considered as a dc term composed
by two contributions, namely, the power spectra of the pulse
reflected from the sample and of the reference. The second
and the third terms, IA C and IA∗ C are the interference terms
from which one can directly reconstruct the complex impulse
response fˆ(tR ) of the sample under test by use of a conventional
DFT-based numerical algorithm [7].
To conclude this section, it should be mentioned that whereas
our analysis has been carried out by assuming that the dispersive
device is located before the interferometer, these two blocks can
be interchanged in a practical system, i.e., the dispersive device
can be located immediately after the interferometer, leading
to identical results to those derived above. The use of dispersion before the interferometer guarantees that the optical pulse
reaches the sample with a lower peak power, which may help
reducing potential damage in the target (e.g., biological tissue).
In contrast, it has been proved that by locating the dispersive
device after the interferometer, one can minimize or fully avoid
detrimental Doppler frequency shifts induced by sample movements [32], [34]. This is due to the fact that in this case, the
interaction time between the optical pulse and the target is significantly decreased.
B. Phase Distortion Compensation for Optimal
Axial-Line Resolution
In order to achieve an optimal reconstruction of the sample
impulse response, the differential spectral phase factor Δφ(ω  )
must be properly compensated for. We recall that this detrimental phase factor includes the high-order dispersion terms
of the employed dispersive element (this includes group-delay
ripples, GDR, in an LCFG), and the nonlinear spectral phase
profile of the input optical pulse. Note that the nonlinear spectral phase generally induced by the nonlinear fiber to achieve
the desired pulse spectral broadening for high axial resolution
should be also compensated for. A schematic of the recorded interferogram in the TS-OFDR technique is shown in Fig. 2(c). As
evidenced by (8), if uncompensated, this differential phase factor may significantly affect the axial resolution of the recovered
sample depth profile. In our work, we have used a simple and
direct numerical technique for compensating for the above mentioned phase distortions which is based on predetermining the
precise time-to-frequency mapping (TFM) to be applied over
the measured time-domain spectral interferograms [29], [31].
The core of this technique is to obtain the differential spectral
phase factor, Δφ(ω  ), by simply acquiring the interference pattern |âd (tR )|2 in (8) from a single reflection point, i.e., when
F̂ (ω  ) = constant, and applying the so-called Hilbert transformation (HT) compensation method (HTCM) [29]. In this
method, the complex ac interference component, IAC , can be
obtained from the measured interference pattern using the following procedure. The HT is only applied on the ac part. We
are assuming that the ac interferogram is a causal signal, which
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enables application of the HT for recovering the imaginary part
of the signal. The definition and other details of the HT can be
found in Appendix II (see Table I). First, the real part of the ac
interference component can be directly extracted from the measured interference pattern, IA C + IA∗ C = real(IA C ), by numerically subtracting the dc component or by simply detecting the
signal with a dual-balanced photoreceiver [54]. In practice, this
subtraction can be easily performed by numerically filtering the
Fourier transform of the measured temporal interference pattern
with a narrow bandpass filter.
The phase variation of the ac waveform is given by
the differential spectral phase factor Δφ(ω  ) (see (8) with
F̂ (ω  ) = constant). This phase factor Δφ(ω  ) can thus be easily
obtained from the extracted interference pattern. In particular,
considering that the real and imaginary parts of the complex ac
pattern are related by the HT [29]
Δφ(ω  ) = 2ω  δt + Δϕ(ω  ) = tan−1

imag {IAC }
real {IAC }

(9)
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The presented calibration method enables to retrieve very
precisely the time versus frequency curve of the used dispersive element, namely, its group-delay response. As a result, this
simple and practical method itself can be exploited for highly
accurate characterization of the group-delay response of dispersive devices. The use of this idea for fast (real time) groupdelay characterization of ultrabroadband fiber-optics dispersive
elements, in particular ultralong LCFGs, is discussed in Section III-A below as one of the many interesting applications of
TS-OFDR.
C. Performance Tradeoffs of TS-OFDR
1) Axial Resolution: As in conventional OFDR, the axial
resolution that can be achieved with TS-OFDR essentially depends on the input pulse optical BW and central wavelength
[21]. Assuming that the optical BW of the input pulse is ΔλS
[in nanometers], the optimal (transform-limited) axial resolution
can be estimated as [21]

(10)

λ20
(11)
ΔλS
where λ0 is the center wavelength of the pulse source and here,
the pulse spectrum is assumed to be Gaussian-like. When using
an LCFG as the dispersive medium, (11) holds as long as the
input pulse spectrum is narrower than the reflection BW of
the grating. If the input optical BW is larger than the LCFG
reflection BW, ΔλLCFG (in nanometers), then the system axial
resolution will be limited by the LCFG BW. A more accurate
estimation of the corresponding axial resolution in this case is
given by the following expression [15]:

It is worth mentioning that in order to ensure that the differential phase factor Δφ(ω  ) is accurately extracted, the relative
delay between the interfering waveforms 2δt must be sufficiently large so that to ensure that the corresponding frequency
shifting Ω ≡ 2δt/Φ̈ is larger than the frequency resolution δω1
of the spectral waveform under analysis Â1 (ω  ). Mathematically, Ω = 2δt/Φ̈ > δω1 , where δω1 ∼ 2π/Δt1 , and we recall
the reader that Δt1 is the full time width of the waveform under analysis â1 (tR ). The resulting condition δt · Δt1 /π Φ̈ > 1
necessarily implies that the used GVD is not sufficient to
induce FTM of the entire two-pulse interference waveform,
âd (tR ) ∝ â1 (tR ) + â1 (tR − 2δt), but only of each one of the
single pulse waveforms separately [as ensured by the condition
in inequality (4)]. Thus, we reiterate that the obtained temporal interference pattern is not a time-domain replica of the
corresponding spectral interference profile. Indeed, the spectral
interference profile |Âd (ω)|2 ∝ |Â1 (ω) + Â1 (ω) exp(j2ωδt)|2
contains no information at all on the phase difference (group delay) of the waveform of interest.
Note that, in practice, the presented compensation method
can be used for simultaneously correcting the phase distortions
induced by dispersion unbalance in the fiber interferometer.
However, this phase correction for dispersion unbalance holds
only over a narrow depth range centered at 2cδt, and application
of the correction outside this range causes significant blurring
of the reconstructed depth profile [55].

λ20
(12)
ΔλLCFG
which is obtained by assuming that the spectral amplitude transmission profile of the LCFG is approximately rectangular (as
it is usually the case). Utilizing the full BW of an LCFG with
a ∼42-nm full-reflection BW, centered around 1545 nm, we
achieved axial resolutions down to 42 μm, in good agreement
with the prediction from (12).
2) Axial Depth Range: As discussed in previous works, the
free-space depth range of an OFDR system essentially depends
on the resolvable spectral linewidth in the system [21], [30]
(a longer depth range can be achieved by narrowing the resolvable spectral linewidth). In what concerns a TS-OFDR system,
this spectral linewidth essentially depends on the amount of
GVD introduced by the dispersive element (i.e., stretching rate)
and may be limited by either the range of validity of the corresponding temporal Fraunhofer condition |Δt23 /8π Φ̈|  1 (to
ensure FTM of the filtered sample’s time impulse response,
â3 (tR )) or by the photodetector BW. To evaluate which contribution becomes more important in a practical case, we performed numerical simulations without assuming a priori the
validity of the Fraunhofer approximation. In these simulations,
we considered a purely first-order dispersive element with a
GVD of 2000 ps/nm (similar to the GVD used in our previously
reported TS-OFDR experiments [31]); no phase deviations
were assumed to simplify the analysis. The DFTs of the given

where we recall that 2δt is the relative time delay in a Michelson
interferometer. A minimum delay requirement in the interferometer for HT is the time delay to obtain a sinusoidal interferogram with at least a single period, similarly to conventional
implementations of spectral interferometry.
From the calculated differential phase factor ΔΦ, the numerical TFM to be applied over the measured interference patterns
can be precisely recalibrated as follows:
ω  =

ΔΦ(ω  )
.
2δt

δz ≈ 0.44

δz ≈ 0.66
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Fig. 3. Roll-off of the axial reflections for evaluating the optical spectral
resolution in TS-OFDR without considering the finite photoreceiver BW.

dispersed signal Âs (ω)Ĥ(ω) and the dispersed reference spectrum Â2 (ω − Ω)Ĥ(ω) are proportional to the FTM fields of the
two spectra. Their superposition and absolute square represent
the temporal interference intensities. As expected, unlike the
ideal case in (8), the interference fringes will exhibit a limited
contrast as the position of the sample relative to the reference
(i.e., as the duration of the sample’s temporal impulse response)
is increased due to the finite resolution of the FTM process. The
absolute square of the inverse Fourier transform of the resulting
intensity waveform provided the depth reflection profile with a
roll-off as the time delay was increased. To evaluate the optical
limitation on the depth range, we did not consider the finite photoreceiver BW. Fig. 3 shows the reflection roll-off with respect
to the reflection depth from the target. A Gaussian spectral shape
source centered at 1550 nm and with a BW of 10 nm [full-width
at half-maximum (FWHM)] was assumed for the simulation.
According to this simulation, the depth range corresponding to
a signal attenuation of ∼10 dB is nearly 3 m. It can be easily
shown that in most of practical cases, the depth range limitation
imposed by the finite photoreceiver BW (∼10 to 50 mm in our
examples) is much more severe than this simulated depth range
restriction
Thus, in practice, the free-space depth range will be limited by
the photodetector BW, according to the following approximate
expression [31]:
Δz ≤

1 2
λ |Φ̈ |BW
4 0 λ

(13)

where Φ̈λ = −(2πc/λ20 )Φ̈ is the GVD of the dispersive element
expressed in (in picosecond per nanometer) units.
The equations derived above reveal that in a TS-OFDR system there is a fundamental tradeoff between the achievable axial
resolution and depth range. Basically, a longer depth range can
be obtained by use of a higher amount of dispersion. However,
the higher the dispersion introduced by the pulse-stretching system, the narrower the input pulse BW must be in order to avoid
temporal overlapping among the stretched optical pulses (to
maintain the same input pulse repetition rate) and this necessarily implies a poorer spatial resolution.
3) Sensitivity: As discussed in [21] for a wavelength-swept
OCT system, the sensitivity is inversely proportional to the de-

tector BW and as a result, the optimum detection BW will
depend on the wavelength tuning rate (the detection BW should
be as narrow as possible still to be able to follow the predefined
tuning rate). In our approach, the optimum detection BW can be
similarly approximated by BW ≈ 0.4 Ns /(Φ̈λ ΔλLCFG ), where
Ns is the sampling number. Hence, the optimum BW is inversely
proportional to the dispersion-BW product of the LCFG, which,
in turn, is inversely proportional to the wavelength tuning rate in
the OFDR system. In other words, as expected for a wavelengthswept OCT system, the optimum BW is directly proportional to
the wavelength tuning rate. Note that this expression is derived
from a direct application of the Nyquist criterion, assuming that
the sampling BW is 2.5 times wider than the detector BW.
With a single-ended photodetection scheme [30], [31], intensity noise from the stretched pulses was the dominant source
responsible for the achieved poor sensitivity (61 dB). In a recent
work, the sensitivity of a TS-OFDR system has been further
improved up to –68 dB by the use of a digital normalization
detection technique [56]. In bioimaging applications, this sensitivity level is still not sufficient for imaging a biological sample,
considering that 10−8 to 10−9 of the input optical power is typically back-reflected from biological samples. The maximum
achievable sensitivity ever reported using a TS-OFDR has been
–82 dB using a high-speed balanced photoreceiver [54]. This
sensitivity has enabled the use of TS-OFDR for OCT imaging
of biological samples [54], [55]. These results will be discussed
in further detail in Section IV below. Electrical amplifier noise
has been identified as the main limiting factor in our experimentally demonstrated OCT system.
4) A-Line Rate and Update Rate: As discussed above, the
depth-line profile acquisition rate (“A-line rate”) can be as high
as the pulse repetition rate since the FTM takes place in a pulseby-pulse basis. In our previous experiments, we achieved Aline rates as fast as 20 M-lines/s [31]. However, it should be
mentioned that the pulse repetition rate has to be lowered if
the pulse time period (TR ) is shorter than the time duration
of the FTM pulse (i.e., pulse after the dispersion) in order to
prevent temporal overlapping between neighboring pulses. The
use of a wider input pulse spectrum ΔλS (i.e., for an improved
axial resolution) imposes the need to lower down the input
pulse repetition rate. Thus, there is a fundamental limit for the
maximum A-line rate determined by the FTM pulse duration,
in particular, TR ≥ Φ̈λ ΔλS .
It is also important to mention that the A-line rate is not
equivalent to the continuous update rate of the reconstructed axial depth profile that the system can actually provide. Here, the
“update rate” is defined as the speed at which the reconstructed
depth profile (or image) can be displayed. In TS-OFDR, the
update rate is not limited by the optical realization of the FTM
but by the performance of the ADC stage. Compared to the
A-line rate, the line-by-line update rate is typically much lower
due to the standard long lead time to grab a new waveform in
a high-speed ADC. Using a high performance ADC, a continuous capture rate can be achieved up to ∼10 kHz [57]. For 2-D
imaging, one may need to use a long on-board memory to grab
and store a multitude of consecutive axial lines while scanning
along the transversal direction.
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D. Performance Advantages and Limitations of an LCFG
The use of a highly dispersive LCFG, i.e., a fiber Bragg
grating where the perturbation period is linearly increased (or
decreased) along the device length, as the dispersive element
in a TS-OFDR scheme [31], [32], instead of a long section of
optical fiber [30], [33], offers a number of critical advantages.
An LCFG allows stretching optical pulses with a much higher
input peak power than in an equivalent optical fiber scheme.
This is associated with the fact that an LCFG can provide
a very high dispersion in significantly more compact forms
than conventional optical fibers. For instance, the dispersion
introduced by the 10-m-long LCFG used in our previously reported experiments [31] is equivalent to that of ∼120 km of
conventional SMF fiber, i.e., equivalent to a dispersion–
compensation fiber with a length of at least a few kilometers.
In a long dispersive optical fiber, the input pulse may need to
be strongly attenuated to avoid nonlinear optical wave breaking
and additional unwanted nonlinear effects. A high input peak
power is, however, desired in OFDR to be able to improve both
the system sensitivity and the axial depth range [21]. In relation
with this, an LCFG can be designed to achieve a nearly 100%
reflectivity over the desired operation BW, and as a result, the
insertion losses of the device are mainly due to the need to operate the device in reflection [58]. Insertion losses lower than
1 dB can be easily achieved by use of an optical fiber circulator
to retrieve the reflected signal from the LCFG. In contrast, in
a dispersive optical fiber, the insertion loss increases with the
fiber length, i.e., a higher dispersion necessarily implies an increased insertion loss. These losses can be compensated for by
use of amplification. For this purpose, the use of distributed Raman amplification in a dispersion–compensating fiber module
has proved particularly advantageous [33]. Nonetheless, the use
of amplification introduces an additional source of noise which
may have a negative effect on the OFDR system performance,
especially on the system sensitivity.
As another advantage, a fiber Bragg grating (e.g., LCFG) can
be specifically designed to achieve a desired group-delay curve
(e.g., linear group delay) over a prespecified BW; thus, these
two specifications (dispersion and BW) can be independently
customized in the fiber grating device according to the targeted
system requirements [58]. It is worth noting that previous theoretical analysis and experimental studies have revealed that a
high, linear pulse-stretching rate is essential to achieve a uniform
sensitivity and resolution over a longer depth range [31], [32].
An LCFG can provide the desired nearly linear group delay over
a very broad BW. Specifically, LCFG technology has evolved
to the point that several meters long, high-quality gratings can
be readily fabricated [59]. This should easily allow scaling the
technique for operation over input pulse BWs >100 nm. In contrast, it would be extremely challenging to obtain a linear group
delay over such broad BWs using a long section of conventional
SMF or dispersion–compensation optical fiber.
It should be also mentioned that an LCFG can be used from
its two ends to introduce the same amount of GVD but with
two opposite dispersion signs. This unique feature of an LCFG
could be potentially exploited for a range of additional processing applications. In a relevant example, this property has been
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successfully used for decoupling movement-induced Doppler
frequency shifting information from the desired range profiling
information in a TS-OFDR system [32].
Finally, we note that a potentially important limitation of an
LCFG is that this device typically exhibits pronounced reflectivity ripples and GDRs [58]. While the effect of reflectivity ripples
can be easily compensated for in the numerical-data-analysis
stage, the influence of GDR has proved more detrimental and
challenging to deal with, e.g., in the context of dispersion–
compensation applications [63]. In our OFDR systems, we have
employed an advanced numerical procedure based on the HT
to extract the precise TFM in the system; this procedure, which
is described in detail in section II.B above, allows one to compensate for the phase distortions introduced by the GDR of the
LCFG device, thus significantly minimizing the effect of these
ripples on the system performance.

III. PHOTONIC DEVICE CHARACTERIZATION BY TS-OFDR
A. Real-Time Group-Delay Measurement of Ultra Broadband
Dispersive Devices
The phenomenon of linear chromatic dispersion is of fundamental importance in many different fields, including highbit-rate fiber-optics telecommunications [60], ultrashort optical
pulse generation and ultrafast optical signal processing [61].
Chromatic dispersion is mainly characterized through the groupdelay response of the involved medium or device. Thus, precise
characterization of the group-delay response of dispersive devices is a critical functionality in all the above fields. TS-OFDR
has demonstrated to be particularly useful for this important
application [50].
As a practically relevant example, group-delay measurements are required for precise characterization of dispersion–
compensation modules, i.e., devices devoted to compensate for
the dispersion induced by propagation through fiber-optics communication links [60]. In particular, LCFG technology has recently attracted considerable attention for its application as a
dispersion–compensator in optical communication systems, allowing to overcome the main drawbacks (i.e., signal distortion induced by fiber nonlinearities, large insertion losses, and
bulkiness) of the conventional dispersion–compensating fiber
solution [62]. However, the GDR of the LCFG, which mainly
results from imperfections in the grating period, may significantly degrade the performance of LCFG-based dispersion–
compensators [63] especially for ON–OFF-keying data rates
≥40 Gb/s in optical networks. To efficiently suppress the GDR,
a fast and precise GDR measurement technique is required
to be able to monitor the GDR faster than the instantaneous
process time necessary for GDR reduction. The conventional
wavelength-swept OFDR technique provides unparalleled performance in terms of measurement speed and measurable device length (e.g., 4 Hz over a 2 nm BW for devices up to 70
m long [12], [13]); however, the OFDR performance is intrinsically limited by the need for a stable narrowband wavelength
tuning mechanism over the whole measurement spectral BW.
Thus, we have proposed the use of TS-OFDR for group-delay
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Fig. 4. Schematic concept diagram of the TS-OFDR-based GDR measurements of an LCFG; GUT: grating under test.
Fig. 5. GDRs of the LCFG measured by (a) LUNA optical vector analyzer
and (b) TS-OFDR-based method with 15 times averaging process. Gray zone
shows the overlapped plots with an averaged data line (from [50]).

measurements of dispersive devices and more in particular, for
GDR characterization of LCFGs. This simple and powerful
scheme has been shown to be particularly advantageous for
characterizing ultralong LCFGs as it does not exhibit a fundamental limitation on the measurable device length while having the potential to provide unprecedented measurement speeds
(megahertz range). In addition, the TS-OFDR method offers
high measurement accuracy due to the fact that it is based on
the use of a very stable mode-locking optical pulse source and
a very simple passively wavelength-swept interferometric setup
without involving any mechanical delay line or wavelength
sweeping element. It can be also extended to achieve real-time
GDR monitoring in combination with high-speed data acquisition modules (real-time scope or ADC) [64].
A schematic concept diagram of the operation principle is
shown in Fig. 4. The proposed group-delay measurement technique applies the above-described HTCM procedure for extracting the differential spectral phase [defined as Δφ(ω) in (8)] from
the measured TS-OFDR interferogram. A single-point reflection
(mirror) is used as the “sample” and the element (LCFG) to be
tested is employed as the dispersive medium inducing the FTM
process in the TS-OFDR scheme: During the pulse dispersion
process, the reflectivity ripple and GDR of the LCFG will be
then mapped into the amplitude and phase temporal profiles
of the stretched pulse, respectively. The stretched pulse, which
includes the phase variation caused by higher order dispersion
and GDR of the LCFG, is launched into a simple fiber-optic
interferometer and the temporal interferogram is subsequently
acquired by a high-speed detection system. Note that we ignore
the phase of the used short pulse source in the measurement because it is assumed to be nearly transform-limited. The GDR can
then be accurately recovered from the self-interference temporal
intensity pattern of this stretched pulse by using the HT-based
phase reconstruction method (HTCM) described above in Section II-B. In this scheme, the measurable wavelength region is
determined by the spectral BW of the input coherent optical
pulse.
Assuming that the dispersion of the LCFG under test is
sufficiently high, the stretched pulse after reflection from
this LCFG can be expressed as â1 (t) ∝ · exp(jt2 /2Φ̈0 )
Â0 (ω  ) exp (−jδΦ), where ω  = t/Φ̈0 is the transformed frequency, scaled by the LCFG first-order dispersion term Φ̈0 [31].

In this transformation, one can easily recognize that the amplitude |â1 (t)| of the stretched pulse is directly proportional to
the input pulse spectrum, |Â0 (ω  )|, whereas the phase of the
stretched time waveform consists of the input pulse spectral
phase and the quadratic phase profile induced by the first-order
dispersion (GVD, Φ̈0 ) and higher order phase terms (δΦ) of the
LCFG. The phase information of the LCFG can be accurately
recovered from the recorded interference temporal pattern by
applying the HTCM [31]. In particular, the time-varying instantaneous frequency, ν(t), induced by the LCFG can be precisely
recovered from the calculated differential phase factor ΔΦ using the following relationship ΔΦ(t) = (2πnL/c)ν(t), where
L is the round-trip length difference between the two arms of the
Michelson interferometer, n is the refractive index, and c is the
speed of the light in vacuum. The recovered instantaneous frequency can be reciprocally expressed by τ (ν), which represents
the group-delay curve (as a function of the optical frequency)
of the LCFG under test. This procedure is valid as long as the
group-delay curve is a single-value function. Finally, the GDR
can be obtained by subtracting the second-order polynomial fitting curve from the measured group-delay function (i.e., both
first and second-order dispersion are subtracted).
As a proof-of-concept experiment, we have measured the
GDR of a 10-meter long LCFG (∼+2000 ps/nm, Proximion,
Inc.) placed prior to the interferometer in the setup (see
Fig. 4). We used a passively mode-locked fiber laser (FFL,
Pritel, Inc.) generating nearly transform-limited Gaussian-like
optical pulses with a FWHM time duration/spectral BW of
≈0.5 ps/8 nm and an average power of 390 μW at 20 MHz
repetition rate. The input pulses were stretched to ≈16 ns by the
LCFG, which induced the anticipated FTM process. A simple
fiber-optic Michelson interferometer was employed to generate
a single temporal interferogram for the phase recovery process. The temporal interferogram was acquired by a high-speed
photoreceiver with 20 GHz BW (Tektronix 80C01) mounted
in a sampling oscilloscope (Tektronix CSA8000). Fig. 5(a)
shows the GDR profile of the LCFG measured by means of a
commercial optical vector analyzer (OVA, LUNA Technology,
Inc.) based on conventional wavelength-sweep OFDR [12], and
Fig. 5(b) shows the GDR profile of the LCFG measured by the
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TS-OFDR method. In Fig. 2(b), the gray zone shows the overlapped plots from fifteen different, consecutive measurements,
whereas the black curve is the fifteen-times averaged data line.
Our measured GDR curve is very consistent with the single-shot
measurement result obtained from the LUNA OVA. In our measurement, a maximum standard deviation (SD) of 3.89 ps was
achieved; this compares favorably with the 12.38-ps SD of the
provided data [this relatively high SD is mainly associated with
the unexpected abrupt peaks observed in the high-wavelengthresolution GDR curve measured by the commercial OVA; see
Fig. 5(a)]. The high accuracy offered by our proposed technique is mainly due to two reasons: (i) the pulse source provides
very high quality and time-stable signals and (ii) the wavelength
sweep has been realized by an entirely passive mechanism. In
addition, an unprecedented GDR monitoring rate of ∼5 frames/s
has been recently demonstrated using this technique in combination with a commercial 8-Gsamples/s real-time oscilloscope
operating as an ultrafast digitizer to capture and process the temporal interferograms [64]. As discussed above, the wavelength
resolution in this TS-OFDR measurement scheme could be improved by adding a well-characterized pulse stretcher in series
with the LCFG under test; this may however require reducing
the input pulse repetition rate (i.e., measurement update rate).
B. Modal Delay Measurement for Higher Order Mode Fibers
Based on TS-OFDR
Multi-mode fibers, and more in particular so-called higher
order mode fibers (HOF), continue attracting considerable research interest due to the extraordinary dispersion and nonlinear characteristics of the higher order modes in these fibers
[65]–[67]. HOF technology has been used for dispersion–
compensators [65], dispersionless bandpass filters [66], and
variable optical attenuators [67]. In general, the excited modes in
an HOF can be separated in time owing to their group velocity
differences. A simple time-domain method based on time-offlight measurement of a propagating ultrashort optical pulse has
proved very useful to determine the modal delays between the
different excited modes in an HOF [68]. However, the temporal resolution of this method, which depends on the input
pulsewidth and the detector BW, limits the minimum measurable length of the HOF. Recently, frequency-domain DMD measurement methods based on conventional inteferometry setups,
including optical frequency-domain interferometry (OFDR) and
optical low coherence interferometry (OLCR), achieving higher
measurement resolution, have been reported for short optical
fiber sections [69], [70]. However, because of the short coherence length of the tunable laser (for OFDR) or the short
moving length of the optical delay line (for OLCR), these previous interferometric techniques are also limited in regards to
the maximum measurable length. In addition, the performance
of measurements based on low-speed interferometry is significantly affected by the instability of the interferometer caused by
environmental perturbations such as vibration, temperature fluctuation, and so on. The proposed ultrafast TS-OFDR technique is
a very attractive solution for high-resolution and high-accuracy
mode delay profile characterization of HOFs [51]. This tech-
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Fig. 6. Schematic concept diagram of the TS-OFDR-based modal delay measurements of an HOF as fiber under test (FUT); PC: polarization controller, PD:
photodetector.

nique offers a resolution similar to conventional interferometric
methods while allowing the characterization of much longer
fiber sections (in fact, TS-OFDR based on pulse operation can
be easily modified to carry our conventional time-of-flight measurement, thus extending the operation range of the instrument).
Fig. 6 shows a concept diagram of the TS-OFDR – based
modal delay measurement for HOFs. A femtosecond fiber laser
is commonly used. The temporally stretched pulses by a firstorder dispersive element (e.g., LCFG) are launched into a fiber
interferometer used to produce time-domain interference between the stretched optical pulses from the HOF sample (placed
in one arm of the fiber interferometer) and the reference arm.
Note that the LCFG can be located either at the input or at the
output of the interferometer. The resultant temporal interferogram is acquired by fast photodetection followed by high-speed
electronics. A conventional DFT-based numerical algorithm [7]
is then used to obtain the modal delay profile of the multi-mode
fiber under test. Note that as detailed above in Section II-B, the
precise time-to-frequency map to be used in subsequent modal
delay measurements can be simply obtained from a precalibration single interference pattern measurement.
In the experiment reviewed here [51], a short (5-m long)
section of a HOF sample provided by OFS Labs. was accurately characterized. The femtosecond fiber laser (Pritel, Inc.)
had a FWHM spectral BW of ∼8 nm at a center wavelength
of ∼1553 nm and a repetition rate of 20 MHz. The LCFG used
as a pulse stretcher was a 10-m long grating (Proximion, Inc.)
with a first-order dispersion of 2000 ps/nm and a reflection BW
of 42 nm. The light (∼1.9 mW) was launched into the reference
arm, which consisted of a fixed delay line (single-mode fiber,
SMF, with nearly the same length as the sample fiber) to allow
minimizing the dispersion mismatching between the two arms
of the interferometer. The other light (∼296 μW) was launched
into a 5 m section of the sample HOF under test. Fig. 7(a) shows
the mode delay profile of the 5 m-long HOF measured by the
proposed TS-OFDR technique. The reference arm consisted of
a fixed delay line (single-mode fiber, SMF, with nearly the same
length as the sample fiber) to achieve nearly the same time
delay for the propagating pulses through the two arms of the
interferometer (see Fig. 6). Many peaks induced by the internal
and external interferences [71] in the HOF are generally observed in the mode-delay profile. The modal delay presented in
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Fig. 8. Schematic diagram of the optical processing for the complex modulation characterization; TFM: time-to-frequency mapping; MUT: modulationunder-test; TIM: temporal-image magnification.

Fig. 7. (a) Modal delay profile of the HOF (5 m) measured by the proposed
TS-OFDR technique; (b) conventional OFDR modal delay measurement based
on CW tunable laser (from [51]).

Fig. 7(a) can be obtained by subtracting the modal delay originated by only internal interference among the excited modes
in the HOF from the measured modal delay profile including
both the internal and external interferences [51]. To confirm the
peak distances obtained by our method, we also measured the
modal delay using a conventional OFDR technique with a tunable CW laser, covering a wavelength range of 1540–1560 nm
(same as that used in our TS-OFDR measurement, leading to a
similar time resolution) with a sweeping speed of 5 nm/sec, see
results in Fig. 7(b). The obtained curve by conventional means
is very consistent with the modal delay profile obtained by the
proposed TS-OFDR technique: We confirmed that there were
four different excited modes in the HOF and that the last two
peaks were very close, with a very good agreement between the
time-delay values obtained from the two different measurement
techniques.
The LCFG-induced linear frequency tuning rate of the
stretched pulse is about 108 times faster than that achieved in the
previously reported modal delay measurement of an HOF based
on the use of a conventional OFDR technique with an external cavity tunable laser [69]–[71]. Thus, as compared with the
conventional OFDR method, the proposed technique provides a
much faster measurement speed, which translates into a significantly improved robustness against environmental perturbations
such as the vibration of the fiber sample and/or temperature fluctuations. Moreover, the TS-OFDR setup can be also easily modified to implement the conventional time-domain technique [68],
which is ideally suited for measuring much longer sections of
the HOF under test. The proposed method should also prove
useful for differential mode delay measurement of commercial
multimode fibers in optical communications.
C. Real-Time Complex-Field Temporal Response
Measurements of High-Speed Modulators
Temporal optical modulators, such as EO modulators and
electro-absorption modulators, are commonly used in optical
telecommunications [60]. Characterization of the phase and
amplitude response of optical modulators to external drives is

an essential procedure for diagnosing, controlling and optimizing the signal transmission performance in high-speed optical
communication systems [72]–[74]. Most of the previously reported techniques allow only for an indirect characterization
of the transmission response of the temporal modulator under
test [72].
Recently, we have demonstrated a simple characterization
technique based on a variant of TS-OFDR [52], [53], which
enables direct detection of the complex (amplitude and phase)
time-domain response of a high-speed optical modulator. The
proposed approach is based on stretched pulse interference and
allows one to characterize the modulation complex fields via
measurements in either the time domain or the frequency domain. In particular, we have demonstrated direct and real-time
diagnosis of the temporal impulse response of an EO modulator with a BW higher than 40 GHz, exceeding the photoreceiver BW in the measurement system. For this purpose, we
have employed an advanced strategy in the chirped pulse interference system, referred to as “common-path temporal-imagemagnification process,” which only requires the insertion of a
second highly dispersive element in the measurement setup.
A schematic of the operation principle is shown in Fig. 8.
Temporal stretching of an ultrashort pulse (e.g., induced by linear dispersion in a LCFG) is considered as a probe source to
be modulated by the modulator-under-test. Use of the probe
enables us to grab ultrafast complex temporal events (modulation) along the stretched pulse duration in the time and spectral
domains [52], taking advantage of the time-frequency mapping
induced by the linearly chirp pulse modulation process [75].
In particular, the modulated temporal waveform, ĉ(tR ) can be
written as [52], ĉ(tR ) = â(tR ) · ŝ(tR ), where ŝ(tR ) is the complex modulation (to be characterized) and â(tR ) is the time
stretched (linearly chirped) pulse waveform, which is proportional to the input spectrum, Â0 , with a proper frequency-totime scaling, ω  = tR /Φ̈ﬁrst . In addition, the spectrum of the
modulated waveform is also proportional to the stretched pulse
temporal profile with a time-to-frequency mapping defined by
the same scaling factor, i.e., Ĉ(ω  ) ∝ Â0 (ω  )ŝ (tR ). Hence, the
amplitude and the phase of the modulated waveform can be
accurately reconstructed by applying stretched pulse interference (time-domain method) [52] or the conventional spectral
interference technique (OFDR).
This original schematic exhibits a relatively severe limitation concerning the modulation BW that can be accurately
characterized limited either by the photodetector BW or by
the resolution of the spectral measurement. In our most recent work, this limitation has been overcome using a second
pulse-stretching element (highly dispersive LCFG, Φ̈second )
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after the modulation process (see Fig. 8), leading to an effective
undistorted time-domain magnification of the temporal interference pattern [37]. In this case, the modulation time features are
temporally stretched (with no additional distortion) following
propagation through the second dispersive element by a factor
of [53]
M = (Φ̈second + Φ̈ﬁrst )/Φ̈ﬁrst .

(14)

However, there is a restriction on the applied amount of GVD
in the first stretcher, which should satisfy the following condition:

Δt · Δts /2π < |Φ̈ﬁrst |  8π Δωs2
(15)
where Δt is an estimate of the full time-width of the ultrashort
input pulse, Δts is the duration of the complex modulation, and
Δωs is the modulation BW. The lower boundary should be satisfied in order to avoid any truncation of the complex modulation
when modulating on the chirped pulse in the second processing
stage (see Fig. 8). The upper boundary, which is more restrictive
as it depends on the square of the modulation BW, ensures that
the temporal complex modulation is accurately transferred into
the spectral domain (TFM) without loss of information [75].
A similar temporal-image-magnification technique has been reported for increasing the effective BW of high-speed ADC [37].
It is important to mention that our method allows undistorted
time stretching and subsequent recovering of the complex-field
information of the modulation, while previous methods for temporal stretching of modulation waveforms [37] were limited to
operation on the signal amplitude profile.
As an application example of the proposed method [53], we
tested a lithium niobate (z-cut) EO intensity modulator with EO
BW ≥35 GHz (E-O Space, Inc.). An ultrashort pulse (FWHM
BW ≈ 2.7 nm), generated from a femtosecond fiber laser (Pritel, Inc.) operating at a 16.7 MHz repetition rate and at an optical wavelength of ∼1544 nm, was first temporally stretched
by linear reflection in a 5-cm-long LCFG introducing a total
dispersion of 170 ps/nm for the TFM. The stretched pulse with
≈431-ps FWHM time duration was amplified and split by a
70/30 fiber coupler. The optical modulator under test was located
in one of the coupler’s arms. The other coupler’s arm was used as
the reference. The pulse average power in the reference arm was
33.3 μW. The pulse average power at the output of the modulator
was varied depending on the applied bias voltage (<100 μW).
After combining the two signals through a 50/50 fiber coupler, the generated interferograms were temporally stretched
with the second LCFG (2000 ps/nm, Proximion, Inc.) for
common-path temporal-image magnification by a factor of
12.7(= (2000+170)/170). This interference was acquired in the
spectral domain using an OSA (resolution = 10 pm) and in the
time domain using a sampling oscilloscope with an optical sampler of ≈20 GHz 3 dB- BW. The reconstructed amplitude and
phase profiles by the spectral and the time domain methods are
shown in Figs. 9 and 10, respectively. An input electric pulse
with 28 ps at FWHM was used as the input excitation in the EO
modulator; this pulse, shown in the inset of Fig. 2, was generated by simply converting the ultrashort optical pulse from the
fiber laser into an electric signal using a high-speed photodiode.

Fig. 9. Spectral-domain detection: temporal amplitude and phase responses
of the intensity modulator to the 28 ps FWHM electric pulse (inset) (from [53]).

Fig. 10. Time-domain detection: (a) temporal amplitude and phase responses
for the same modulation and (b) corresponding frequency chirp (from [53]).

There was a very good agreement between the results obtained
from time-domain and spectral-domain measurements. However, more detailed features could be observed from the time
domain method (see Fig. 10) compared to the spectral domain
approach (see Fig. 9), which clearly evidenced the effectiveness
of the proposed LCFG-induced temporal-image-magnification
procedure for increasing the measurable modulation BW. Complex time responses with features as fast as ≈35 ps (FWHM)
were successfully characterized. Measurement accuracy is also
shown in terms of the standard deviation for five consecutive
reconstructions of the amplitude and the phase profiles; see error bars in Fig. 10(a). Finally, the instantaneous frequency chirp
[see Fig. 10(b)] was numerically derived from the reconstructed
phase profile.
A key advantage of implementing the complex modulation
characterization in the time domain is that one can monitor
the dynamics of the complex modulation not only in a direct
fashion but also in real time owing to the fast acquisition feature. An example of this critical capability of our method has
been also demonstrated [53] by successfully monitoring a pulse
modulation process as the bias voltage was rapidly tuned in a
Mach–Zehnder EO modulator. Full field information (amplitude and phase) of the modulation signal has been obtained at
30 frames per second, with a time magnification factor of 21.
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IV. REAL-TIME OCT BIOMEDICAL IMAGING BY TS-OFDR
In recent years, wavelength swept-source OCT (SS-OCT)
technologies based on standard OFDR [17]–[19], [21]–[23],
[25]–[27] have demonstrated greatly advantageous for in vivo
biological imaging, especially in ophthalmology, providing an
unparalleled performance in terms of image acquisition rate
and sensitivity. This superiority has been recently emphasized
with experimental observations of motion artifacts shown in in
vivo OCT images [76]. As discussed in Section I, the recently
introduced TS-OFDR technique [30]–[34] offers the potential
to reach image acquisition speeds with A-line rates up to a
few tens of megahertz, similar or higher than state-of-the-art
SS-OCT methods using a far simpler scheme, e.g., all-passive
wavelength sweeping. However, the reported performance of
pioneering TS-OFDR systems could not reach the level that is
required for biological OCT imaging mainly due to the poor
reflectivity sensitivity, ranged from –40 dB [30] to –60 dB [31].
In a recent work, the sensitivity of a TS-OFDR system has
been further improved up to –68 dB by the use of a digital normalization detection technique [56]. An ultrafast OCT
scheme based on TS-OFDR consisting of a supercontinuum
source with a 350 nm BW at 1550 nm center wavelength and a
dispersive optical fiber as a pulse-stretching element has been
reported [30]. A 20-km commercial dispersion-shifted fiber was
used to stretch the supercontinuum pulse. The zero-dispersion
wavelength (ZDW) of the DSF was 1547 nm and the dispersion
slope at the ZDW was 0.066 ps/nm2 .km. In this demonstration,
a 5-MHz axial-line scanning rate and a 8-μm axial resolution
were achieved. The sensitivity of this fiber-based TS-OFDR was
about –40 dB, while the shot-noise level of the used photodetection system was about –60 dB. This difference of 20 dB was
thought to come from the intensity noise of the supercontinuum source. Because of this poor sensitivity, the system was
not able to provide an image of a biological sample with a reasonable quality. Instead, a piece of lint-free cleaning tissue was
used as a sample for 2-D-OCT imaging due to its relatively
strong reflection combined with a micron-scale structure. To
effectively suppress the effect of RIN in the OCT scheme to
enhance the sensitivity and dynamic range, the same research
group has recently introduced a digital normalization detection
technique which removes both the additive and convolutional
contributions of the RINs in the final interferogram signals by
numerically manipulating the temporal signal of the input swept
source and two different π–phase shifted temporal interferograms [56]. This technique, which is similar to a numerical
dual-balanced detection scheme, achieved –68 dB sensitivity in
the ultrafast OCT system, still insufficient for biological sample
imaging. In this section, we demonstrate biological OCT imaging based on TS-OFDR using a highly dispersive LCFG. For
this demonstration [54], an improved sensitivity of – 82 dB was
achieved using a high-speed (3-GHz BW) balanced photodetector. The axial resolution of this OCT system was also improved
with respect to our first demonstrated TS-OFDR setup [31] up
to ∼42 μm by utilizing the full-reflection BW (45 nm) of the
used LCFG. In our experimental demonstration, a 2-D OCT
image of an onion sample has been obtained with a 5 MHz

Fig. 11. Schematic of real-time OCT setup based on TS-OFDR. Femtosecond
fiber laser (FFL), highly nonlinear fiber (HNLF), linearly chirped fiber Bragg
grating (LCFG), erbium-doped fiber amplifier (EDFA), optical circulator (OC),
optical collimator (L), mirror (M), polarization controller (PC), and balanced
detector (BD).

Fig. 12. (a) Pulse spectra: input spectrum of femtosecond pulse laser (green
curve), SPM-broadened pulse spectrum (blue curve), and spectrally filtered and
amplified spectrum of the stretched pulse (red curve); (b) 5 MHz repetition rate
temporal interferograms acquired through balanced detection.

A-line rate over a total measurement time of ∼173 μs for a
0.66 mm transverse scan. These experiments clearly prove the
very strong potential of TS-OFDR for ultrahigh-speed, highquality in vivo biomedical imaging, particularly considering
that further resolution and sensitivity improvements are readily
feasible.
Fig. 11 shows a schematic of the setup used for real-time OCT
based on TS-OFDR. The input pulse in our experiments was a
nearly transform-limited Gaussian pulse spectrally centered at
1562.7 nm and with a time-width/ BW of 1.1 ps/3 nm (FWHM)
[see green curve in Fig. 12(a)], which was directly generated
from a passively mode-locked fiber laser (Pritel, Inc) operating at a repetition rate of 5 MHz. The input pulse probe was
launched into a nonlinear fiber (Pulse Compressor, Pritel, Inc.)
in order to induce a spectral broadening by super-continuum
generation; a 70-nm pulse BW was obtained at the nonlinear
fiber output by properly adjusting the input pulse peak power,
see blue curve in Fig. 12(a). The pulse BW was finally filtered to ≈36.4 nm (FWHM) [see red curve in Fig. 12(a)] by
linear reflection in a 10-m-long LCFG (+2000-ps/nm dispersion, 42 nm (3 dB BW), from Proximion, Inc.), which resulted
in optical pulses each with a duration of 80 ns and repeating at 5 MHz; these pulses were subsequently amplified with an
erbium-doped fiber amplifier (EDFA). The average power of the
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Fig. 13. (a) Depth profile of a single-reflection sample (black curve), depth
profile when the sample arm was blocked (blue curve), and electrical amplifier
noise (red curve), (b) resolutions, and (c) sensitivities with respect to axial depth.

amplified pulse was measured to be ∼3 mW. The relative time
delay between the two arms in the setup was adjusted using the
installed mirror (M) in order to ensure that the two pulses from
each arm were properly delayed with respect to each other so
that to generate the desired interferogram over a time period of
the stretched pulse. A 1-D scanning probe with a galvanometer
driver (dynAXIS, ScanLab, Inc.) was used for scanning the
probe beam along the transversal direction. The A-lines were
acquired by a real-time oscilloscope with a 2.5-GHz BW and
a maximum 40-GS/s sample rate (Tektronix DPO7254). Interference signals [see Fig. 12(b)] were acquired by a high-speed
(3 dB BW of 2.8 GHz) balanced detector (MFA optics, Inc.) for
which the common-mode rejection ratio (CMRR) was tested to
be over 30 dB up to 2 GHz. Fig. 12(b) confirms that each individual stretched pulse (single interferogram) did not overlap
with neighbouring pulses and that the “dc” component of the
interferogram was decoupled by the balanced detection.
The axial resolution was estimated to be 42 μm, which agrees
well with the transform-limited theoretical resolution of 43 μm
calculated from (12) above. For a single low-reflection sample with a reflectivity of −31.6 dB, the reconstructed axialreflectivity profile in logarithmic scale is shown in Fig. 13(a)
(black line). The maximum achievable sensitivity in our experiment was determined to be ≈−82 dB from Fig. 13(a). This
sensitivity level is unprecedented for TS-OFDR [30]–[34], and
it was achieved by: 1) employing balanced photodetection, and
2) applying the HTCM on the measured interferograms to suppress the nonlinear phase errors mainly induced by the LCFG
and the spectral broadening of the input pulse (see descriptions
in Section II-B). The performance uniformity of our OCT system, in terms of resolution and sensitivity, was tested by axially
displacing the single-point reflection sample with a 0.5 mm
moving step up to a total depth range of 4.5 mm (corresponding
to a 7 dB sensitivity reduction) [see results in Fig. 13(b) and
(c)]. Overall, our OCT imaging system exhibited a fairly uniform performance over the tested depth range: The resolution
was ranged from 41.2 to 44.9 μm and the sensitivity varied from
–71.1 to –78.8 dB. This was, in part, enabled by the predominantly linear group delay introduced by the dispersive LCFG
over the entire operational spectral BW.
For the 2-D OCT imaging demonstration, we acquired 864 Alines of the temporal interferograms repeating at 5 MHz within
a total time window of 173 μs by using the real-time oscilloscope set to a sample rate of 5 GS/s and 865 K total data

Fig. 14. OCT image of an onion sample (logarithmic scale, 190 × 432 pixels,
2 mm depth × 0.66 mm width).

points for each acquired temporal interferogram. We note that
due to the limited frame rate of the available oscilloscope, all
the A-lines required for reconstruction of a 2-D image were
acquired in a single frame. In the signal processing stage,
temporal interferograms along the time duration (∼80 ns) of
the stretched pulse were consecutively selected to generate the
corresponding A-line depth profiles by referring to the associated triggering signals. Fig. 14 shows a tomographic image
(2 mm depth × 0.66 mm width) of an onion sample using a logarithmic inverse gray scale. The Galvo mirror was scanned at
600 Hz, which is obviously very low scan speed in comparison
with our A-line scan rate. Fig. 14 shows a down-sampled image
for which only one of every two consecutive recorded A-lines
was used for constructing the OCT image; note that the full set
of A-lines did not show any more detailed information than the
presented interlaced A-lines set. Fig. 14 shows that the achieved
axial resolution of ∼42 μm was clearly sufficient to resolve the
cell layers of the analyzed onion sample. Note that the axial
resolution can be improved by broadening the pulse spectrum,
using a short wavelength band (e.g., 1310 or 850 nm) pulse,
and/or redesigning the LCFG to have a wider reflection BW.
As evidenced by the results shown in Fig. 13, the sensitivity
in our demonstrator was limited by electrical amplifier noise in
the high-speed photodetector, and thus, the shot-noise detection
limit was not reached. Balanced detection keeps improving in
terms of speed (>10 GHz) and noise suppression ratio. The
sensitivity of the proposed TS-OFDR technique could thus be
further improved by use of an optimized balanced detection
scheme and very stable ultrafast pulsed lasers. The total number
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of A-lines to be acquired in real time may be limited at full
depth ranging due to the large number of sampling points per
A-line (∼4000 points-per-line at 40 GS/s) and limited onboard
memory size (<2 GB). One may compromise the depth range
in order to increase the number of lines to be acquired in real
time for 2-D imaging.
The proof-of-concept OCT experiments reported here were
carried out in the telecommunication wavelength region around
1.5 μm. It is well known that this light wavelength region
suffers from strong water absorption, and thus, operation at
other wavelength bands may be preferred for biomedical tissue
imaging, e.g., around 800 nm [4]. Obviously, the reported TSOFDR scheme for OCT imaging can be also implemented over
this more conventional wavelength region since all the needed
components are also available in the 800-nm band. Concerning
the dispersive medium, fiber Bragg gratings can be designed and
fabricated for operation around 800 nm [58], but presently, fiber
grating technology is more widely available for operation at the
low-loss telecommunication wavelength band around 1.5 μm.
Dispersive optical fibers are readily available for their use over
a very broad range of wavelength regions, including the 800-nm
band, and as a result, they represent an interesting alternative to
introduce the needed dispersion in a 800-nm TS-OFDR system.
V. CONCLUSION
This paper has reviewed recent progress on a new technique
for ultrahigh-speed OFDR, namely, TS-OFDR. This method is
essentially based on the use of linear GVD-induced frequencyto-time mapping of the target broadband spectral interferogram
so that this information can be captured in real time using
a single photodetection stage (single-ended or balanced photoreceiver) and a fast ADC. Advantages of TS-OFDR include:
1) its capability of achieving ultrarapid axial line acquisition
rates, as high as the pulse repetition rate from the seeded optical
source (up to a few tens of megahertz), 2) the simple all-passive
nature of the wavelength sweeping mechanism (linear dispersion), and 3) the possibility of adapting the scheme for conventional time-of-flight measurements, providing a complementary
set of performance specifications. Some applications exploiting the unique features of TS-OFDR have been also reviewed,
including: 1) real-time monitoring of group-delay characteristics of fiber-optics components, 2) highly accurate modal-delay
measurements in high-order mode optical fibers, and 3) realtime complex-field temporal response characterization of optical modulators with BWs in the tens-of-gigahertz range.
We have shown that a megahertz-update rate TS-OFDR system can be configured to achieve the performance that is required for micrometer-resolution imaging over depth ranges
up to a few centimeters, thus being promising for biomedicalimaging applications (OCT). A main limitation of TS-OFDR is
its relatively poor sensitivity, which is, in part, due to the intrinsic signal peak power loss associated with any dispersive process. Still, 2-D imaging of biological tissue with a resolution of
∼40 μm and a sensitivity above −80 dB, captured at a 5-MHz
axial-line rate, has been reported here. In our system demonstrator, the resolution and sensitivity were limited by the spectral

BW of the LCFG and the electrical amplifier noise of the used
high-speed balanced detector, respectively. Thus, considering
that improvements of these two critical performance specifications are readily feasible, the potential of TS-OFDR for advanced imaging applications, including OCT, appear to be very
strong.
We believe that the TS-OFDR technology should also prove
useful for other traditional applications of OFDR, e.g., sensing,
ranging, material analysis etc., offering all the discussed key
performance advantages. In principle, TS-OFDR requires the
use of a coherent (ultrashort pulse) light source, e.g., modelocked laser. However, recent studies have demonstrated the
possibility of using incoherent light for GVD-induced timedomain spectral interferometry [77], [78]. To give a relevant
example, a similar schematic to that described in Section III-A
for group-delay characterization of dispersive devices has been
recently proposed using broadband incoherent light [77]. This
concept has been recently extended and applied for group-delay
characterization of fiber-optics dispersion elements over BWs
exceeding 40 nm (entire C band) at a video update rate [78]. The
use of incoherent light instead of mode-locked lasers translates
into important practical advantages, including the possibility of
reaching extremely broad frequency BW s in a relatively simpler
and less costly fashion. All these recent advances clearly point
out the promising potential of TS-OFDR for a large number
of unexplored applications using either coherent or incoherent
broadband light sources.
APPENDIX I
Using the definitions introduced above in Section II-A, the
envelope of the temporal impulse response that characterizes
linear propagation through a first-order dispersive medium is
[36]


1 2
ĥ (tR ) ∝ exp j
tR
(A1)
2Φ̈
where ∝ means proportional, tR = t − Φ̇, Φ̇ is the medium’s
group delay (around the carrier radial frequency ω 0 of the propagating optical signal), and Φ̈ is the medium’s first-order dispersion coefficient (GVD). The time envelope of the input signal
launched into the dispersive filter is defined as â1 (tR ). This signal is assumed to be time limited with a total time duration (full
time width) defined by Δt1 . The optical signal at the output of
this filter is spectrally centered at the same carrier frequency, ω 0 ,
and it has a time envelope defined by the following convolution
integral:
â2 (tR ) = â1 (tR ) ∗ ĥ(tR ) =
+Δ t 1 /2

=
−Δ t 1 /2

+∞
−∞

dτ â1 (τ )ĥ(tR − τ )

dτ â1 (τ )ĥ(tR − τ ).

(A2)

Introducing the expression for ĥ (tR ) is (AI.1) into the convolution integral in (AI.2), we obtain


+Δ t 1 /2
1
â2 (tR ) ∝
dτ â1 (τ ) exp j
[tR − τ ]2
2Φ̈
−Δ t 1 /2
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TABLE I
SOME HTS

now say how the spectrum of FHT (x) is related to that of f(x).
The Fourier transformation of (−πx)−1 is i sgn s, which is equal
to +i for positive s and –i for negative s; hence, HT is equivalent
to an specific kind of filtering, in which the amplitudes of the
spectral components are left unchanged, but their phases are
altered by π/2, positively or negatively according to the sign
of s. Note that all cosine components transform into negative
sine components and that all sine components transform into
cosines. A consequence of this is that the HTs of even functions
are odd and those of odd functions are even.



 +Δ t 1 /2
1 2
= exp j
dτ â1 (τ )
tR
2Φ̈
−Δ t 1 /2




1 2
1
× exp j
τ exp −j tR τ .
Φ̈
2Φ̈
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(A3)

Considering that the integral in (AI.3)
 extends from τ =
−Δt1 /2 to τ = +Δt1 /2, the factor exp jτ 2 /2Φ̈ within the
integral can be neglected if the following condition is satisfied:
 2
 Δt1 


(A4)
 8Φ̈   π.
In this case, the quadratic phase factor is negligible over the
whole range of the integral. Equation (AI.4) is usually referred to
as the temporal Fraunhofer condition [36]. Under this condition,
(AI.3) can be approximated by a Fourier integral of the input
signal envelope:



 +Δ t 1 /2
1 2
1
â2 (tR ) ∝ exp j
dτ â1 (τ ) exp −j tR τ
tR
Φ̈
2Φ̈
−Δ t 1 /2

 +Δ t 1 /2
1 2
= exp j
dτ â1 (τ ) exp (−jω  τ )
tR
2Φ̈
−Δ t 1 /2
(A5)


with ω = tR /Φ̈. (AI.5) is more typically expressed as follows:


1 2 
Â1 (ω  ) 
(A6)
â2 (tR ) ∝ exp j
tR
ω =t R /Φ̈
2Φ̈
where Â1 (ω  ) is the Fourier transform of â1 (tR ), Â1 (ω  ) =
 {â1 (tR )}. This is the so-called temporal Fraunhofer approximation in the problem of linear propagation of a timelimited optical waveform through a first-order dispersive
medium.
APPENDIX II
The HT of f(x) is defined by [79]
FH T (x) =

1
π

∞
−∞

−1
f (x )dx
=
∗ f (x).

x −x
πx
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(A7)

The divergence at is x = x allowed for by taking the Cauchy
principal value of the integral. It will be seen that FHT (x) is
a linear functional of f(x); in fact it is obtainable from f(x) by
convolution with (πx)−1 . From the convolution theorem we can
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